In this research, we focus on a common fixed point problem of a nonexpansive semigroup with the generalized viscosity methods for implicit iterative algorithms. Our main objective is to construct the new strong convergence theorems under certain appropriate conditions in uniformly convex and uniformly smooth Banach spaces. Specifically, the main results make a contribution to the implicit midpoint theorems. The findings for theorems in Hilbert spaces and the other forms of a nonexpansive semigroup can be used in several practical purposes. Finally, a numerical example in 3 dimensions is provided to support our main results.
Introduction
Let E be a real Banach space, C be a nonempty closed convex subset of E, and E * be the dual space of E with norm · and ·, · pairing between E and E * .
• The duality mapping J : E → 2 E * is defined by J(x) = x * ∈ E * : x, x * = x 2 , x * = x for all x ∈ E. It is well known that if E is a Hilbert space then J is the identity mapping, and if E is smooth then J is single-valued.
• A mapping T : C → C is called a nonexpansive, if T x − T y x − y , ∀x, y ∈ C and F(T ) = {x ∈ C : T x = x} is the set of fixed points of T .
• A mapping f : C → C is called a contraction, if there exists α ∈ (0, 1) such that f(x) − f(y) α x − y , ∀x, y ∈ C.
• A family S = {S(s) : 0 s < ∞} of mappings of C into itself is called a nonexpansive semigroup on C if it satisfies the following conditions:
(i) S(0)x = x for all x ∈ C;
(ii) S(s + t) = S(s)S(t) for all s, t 0;
(iii) S(s)x − S(s)y x − y for all x, y ∈ C and s 0;
(iv) for each x ∈ C, the mapping S(·)x from [0, ∞) into C is continuous.
S, i.e., F(S) = {x ∈ C : S(s)x = x, ∀s > 0} is a common fixed point set of a nonexpansive semigroup.
It is easy to see that F(S) is closed and convex (see also [3, 5, 6, 11] ). Note that every L-function ψ satisfies ψ(t) < t, ∀t > 0. Definition 1.2. Let (X, d) be a metric space. A mapping f : X → X is said to be:
(i) (ψ, L)-contraction if ψ : R + → R + is an L-function and d(f(x), f(y)) < ψ(d(x, y)) for all x, y ∈ X with x = y; (ii) Meir-Keeler type mapping if for each > 0 there exists δ = δ( ) > 0 such that for each x, y ∈ X with d(x, y) < + δ we have d(f(x), f(y)) < .
Theorem 1.3 ([7]
). Let (X, d) be a metric space and f : X → X a mapping. Then the following assertions are equivalent:
(i) f is a Meir-Keeler type mapping; (ii) there exists an L-function ψ : R + → R + such that f is a (ψ, L)−contraction.
Proposition 1.4 ([10]
). Let C be a convex subset of a Banach space E. Let f : C → C be a Meir-Keeler type mapping. Then for each > 0 there exists r ∈ (0, 1) such that for each x, y ∈ C with x − y , we have f(x) − f(y) r x − y . Now, a Meir-Keeler type mapping or (ψ, L)-contraction is called generalized contraction mapping. We suppose that the function ψ based on the definition of the (ψ, L)-contraction is continuous and strictly increasing and lim t→∞ η(t) = ∞, where η(t) = t − ψ(t), t ∈ R + . In consequence, we have that η is a bijection on R + .
In 2015, the viscosity implicit midpoint theorem in Hilbert spaces was introduced by Xu et al. [13] :
In the same year, Ke et al. [4] introduced the two viscosity implicit midpoint theorem in Hilbert spaces:
,
One year later, Yan et al. [14] introduced an implicit iteration for a generalized contraction mapping in Banach space:
They proved the strong convergence theorems. Motivated and inspired by the idea of Yan et al. [14] , we introduce the new implicit iterative scheme and the new implicit midpoint rule with viscosity approximation method based on a generalized contraction mapping for finding solutions of fixed point problems for nonexpansive semigroup. We shall prove the strong convergence theorems in uniformly convex and uniformly smooth Banach space under some parameters controlling conditions. Our results extend and improve the recent results of Yan et al. [14] and other authors.
Preliminaries
According to our framework throughout this research, we first preview some definitions involving a Banach space E as follows. Let U = {x ∈ E : x = 1}.
• E is said to be uniformly convex if, for any ∈ (0, 2], there exists δ > 0 such that, for any x, y ∈ U,
It is known that a uniformly convex Banach space is reflexive and strictly convex.
• E is said to be smooth if lim t→0
x + ty − x t exists for all x, y ∈ U.
It is also said to be uniformly smooth if the limit is attained uniformly for all x, y ∈ U. The modulus of smoothness of E is defined by
It is known that E is uniformly smooth if and only if lim
A Banach space E is said to satisfy Opial's condition if for any sequence {x n } in E, x n x(n → ∞) implies lim sup
By [2, Theorem 1], it is well known that if E admits a weakly sequentially continuous duality mapping, then E satisfies Opial's condition, and E is smooth. The following lemmas are very useful for proving our main results.
Lemma 2.1 ([9]
). Let {x n } and {y n } be bounded sequences in a Banach space X and let {β n } be a sequence in [0, 1] with 0 < lim inf n→∞ β n lim sup n→∞ β n < 1. Suppose x n+1 = (1 − β n )y n + β n x n for all integers n 0 and lim sup n→∞ ( y n+1 − y n − x n+1 − x n ) 0. Then, lim n→∞ y n − x n = 0.
Lemma 2.2 ([8]
). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E. Let T : C → C be a nonexpansive mapping such that F(T ) = ∅ and f : C → C be a generalized contraction mapping. Then {x t } defined by x t = tf(x t ) + (1 − t)T x t for t ∈ (0, 1), converges strongly to x * ∈ F(T ) as t → 0, which solves the variational inequality:
Lemma 2.3 ([8]
). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E. Let T : C → C be a nonexpansive mapping such that F(T ) = ∅ and f : C → C be a generalized contraction mapping. Assume that {x t } defined by x t = tf(x t ) + (1 − t)T x t , converges strongly to x * ∈ F(T ) as t → 0. Suppose that {x n } is bounded sequence such that x n − T x n → 0 as n → ∞. Then
Lemma 2.4 ([12]
). Assume {a n } is a sequence of nonnegative real numbers such that
where {α n } is a sequence in (0, 1) and {δ n } is a sequence in R such that
Then lim n→∞ a n = 0.
Main results
Theorem 3.1. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space E. Let f be a generalized contraction mapping from C into itself and S = {T (t) : t 0} be a nonexpansive semigroup from C into itself such that F(S) = 0. Let {x n } be the sequences defined by
where {α n }, {β n }, {γ n }, {δ n }, and {λ n } are the sequences in (0, 1). The following conditions are satisfied:
Then {x n } converges strongly to x * ∈ F(S) which also solves the following variational inequality:
Proof. First of all, we prove that {x n } is bounded. Let p ∈ F(S), we have
It follows that
By induction, we conclude that
This implies that {x n } is bounded, so are {f(x n )}, {y n }, {T (µ n )y n }, and {z n }. Next, we will show that lim n→∞ x n+1 − x n = 0 and we observe that
, and
where
Setting x n+1 = (1 − α n )w n + α n x n for all n 1, we see that w n = x n+1 − α n x n 1 − α n , then we have
Applying Lemma 2.1, we obtain lim n→∞ w n − x n = 0 and by setting {w n }, we also have
Next, we will show that lim n→∞ x n − T (µ n )x n = 0. We observe that
which imply that lim n→∞ z n − x n = 0 and lim
Therefore, we conclude that lim
Consider that
which implies that
It follows from the conditions (ii), (iii), and (3.2) that
Now, we show that z ∈ F(S). We can choose a sequence {x n k } of {x n } such that {x n k } is bounded and there exists a subsequence {x n k j } of {x n k } which converges weakly to z. Without loss of generality, we can assume that x n k z. Let µ n k 0 such that µ n k → 0 and
can notice that
For all k ∈ N, we have lim sup
Since a Banach space E with a weakly sequentially continuous duality mapping satisfies the Opial's condition, this implies T (t)z = z. Therefore, z ∈ F(S). By Lemma 2.2, the sequence {x t } is defined by x t = tf(x t ) + (1 − t)T x t such that t ∈ (0, 1) which converges strongly to a fixed point x * ∈ F(S) and solves the variational inequality:
Following Lemma 2.3 and (3.1)-(3.3), we conclude that lim sup
and lim sup
Finally, we show that {x n } converges strongly to x * ∈ F(S). Assume that the sequence {x n } does not converge strongly to x * , there exists a subsequence {x n k } of {x n } and > 0 such that x n k − x * , ∀k = 1, 2, . . .. For this there exists r ∈ (0, 1) such that
We compute that
We observe that
(1 − γ n k − β n k (1 − r)) (1 + δ n k (1 − r)) + γ n k (rδ n k + (1 − δ n k )λ n k ) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) x n k − x * 2 + 2β n k (1 + δ n k (1 − r)) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k )
f(x * ) − x * , J(x n k+1 − x * ) + 2γ n k δ n k (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k )
f(x * ) − x * , J(y n k − x * ) = 1 − (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) − − (1 − γ n k − β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (rδ n k + (1 − δ n k )λ n k ) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) x n k − x * 2 + 2β n k (1 + δ n k (1 − r)) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) f(x * ) − x * , J(x n k+1 − x * ) + 2γ n k δ n k (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) f(x * ) − x * , J(y n k − x * ) , where
= 2β n k (1 − r) (1 + δ n k (1 − r)) + 2γ n k δ n k (1 − r) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) = 2(1 − α n k − γ n k )(1 − r) (1 + δ n k (1 − r)) + 2γ n k δ n k (1 − r) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) ∈ (0, 1) and δ n k = 2β n k (1 + δ n k (1 − r)) (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) f(x * ) − x * , J(x n k+1 − x * ) + 2γ n k δ n k (1 + β n k (1 − r)) (1 + δ n k (1 − r)) − γ n k (1 − δ n k )(1 − λ n k ) f(x * ) − x * , J(y n k − x * ) . 
